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We systematically examine the compactness of neutron stars as Tolman VII solutions in scalar-tensor theory
of gravity. As a result, when the coupling constant is confined to values provided by astronomical observations
we show that the maximum compactness of neutron stars in general relativity is higher than that in scalar-tensor
gravity. In addition, we show that although ultra-compact stars, with radius smaller than the Regge-Wheeler
potential peak, can exist in general relativity (e.g., Tolman VII solution), their scalarized counterparts cannot be
constructed even in the limiting case of uniform density stars.
PACS numbers: 95.30.Sf, 04.40.Dg, 04.50.Kd
I. INTRODUCTION
General relativity is the most reliable theory for describing gravity. In fact, up to now, astronomical observations and terrestrial
experiments are in remarkable good agreement with the predictions in general relativity. Even so, most of tests have been
performed in the weak-field regime, e.g., in our solar system. This means that the observational verifications of general relativity
in the strong-field regime are still poor, and the true theory of gravity in these region may deviate from general relativity. In such
a case, some strong-field phenomena may deviate from the predictions in general relativity and one may be able to probe the
gravitational theory by measuring and monitoring these potential deviations. In practice, several possibilities for observationally
probing the gravitational theory have already been proposed (e.g., [1–4]). In any case, the alternative theories of gravity (ATG)
should be in agreement with all previous successful tests/measurements which nominated general relativity as the prevailing
theory of gravity. This means that ATGs should be in agreement with general relativity in the, well tested, weak-field regime and
the deviations should emerge when the field is strong. The gravitational field of neutron stars is quite strong and thus they can
serve as candidates for testing ATGs.
Scalar-tensor theory of gravity is one of the most natural extensions of general relativity, where gravity in addition to the usual
metric tensor gµν is mediated also by a massless long-range scalar field ϕ. The metric gµν describing the physical phenomena is
connected to the metric in the Einstein frame g∗µν via a conformal transformation of the form gµν = A
2(ϕ)g∗µν . In this paper,
we adopt the conformal factor proposed by Damour and Esposito-Fare`se [5], i.e., A(ϕ) = exp(βϕ2/2). Here β is the coupling
parameter, while for β = 0 we recover general relativity. The stellar equilibrium configurations in scalar-tensor gravity are
derived by integrating the modified Tolman-Oppenheimer-Volkoff (TOV) equations [3, 6], assuming a specific equation of state
(EOS) and an asymptotical value of scalar field ϕ0, here we may be chosen to vanish, ϕ0 = 0. For β <∼ − 4.35 the structure
of neutron star can dramatically deviate from the equivalent general relativistic models [6], which is known as spontaneous
scalarization. It is also found that the spontaneous scalarization for fast-rotating neutron stars, close to the Kepler limit, can
set in for larger values of β (β <∼ − 3.9) [7]. This leads to even larger deviations in the mass vs radius diagram of the various
EOSs and also significant deviations in the moment of inertia. For the late-inspiral phase of binary neutron star systems, the
possibility of the so-called dynamical scalarization has been also suggested. This can take place again for values of β larger
than −4.35 [8–10]. Meanwhile, the observation of binary neutron star-white dwarf system set constraints in the lower value of
β [11], i.e., they predict in the most optimistic case β >∼ − 5.
In addition to the uncertainty for the correct theory for gravity in the strong-field regime, the EOS for neutron star matter is also
quite unconstraint [12]. In particular, constraining the EOS for high density region is still impossible via the terrestrial nuclear
experiments due to the nature of nuclear saturation. So, the observation of neutron stars, in the electromagnetic and gravitational
wave spectrum, via the associated phenomena (radio, X- and gamma rays, gravitational waves) are crucial for tracing the EOS
for the neutron star matter. Neutron star’s mass is an important parameter which is typically the easiest to be estimated from
the binary motion. Actually, the discovery of neutron stars with mass ∼ 2M⊙ [13, 14] led in the exclusion of some of the soft
EOSs, which were predicting maximum mass less than 2M⊙. While the recent detection of merging neutron stars led to some
further constraints with regard to the softness/stiffness of the EOS as well as the radius [15], see also [16–18].
The compactness, which is the ratio of the mass over the radius, is a very important quantity in relativistic stars, and expresses
the strength of the surface gravitational field. As the compactness increases, the relativistic effects become more pronounced,
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2and for example can affect the trajectories of photons emitted from the surface of neutron stars. In fact, the compactness would
be determined via the observations of pulse profiles radiated from the neutron star by the operating x-ray timing mission with
Neutron star Interior Composition ExploreR (NICER) [19], which may tell us the gravitational theory in the strong-field regime
[20, 21]. Moreover, the compactness is a key property for neutron star asteroseismology [22] becoming more pronounce for
the mainly spacetime oscillations, the so-called w-modes [23]. To be more specific, the frequencies of w-mode gravitational
waves from neutron stars can be well associated with the compactness [22]. In addition, if the compactness is too high and the
stellar radius is smaller than the Regge-Wheeler potential barrier, whose position is a similar to the radius of the photosphere
in the Schwarzschild spacetime, i.e., r ∼ 3M , one may observe a class of spacetime perturbations, the so-called trapped w-
modes [24, 25]. In fact, the effective potential in the wave equation for spacetime oscillations for such ultra-compact stars has a
minimum inside the Regge-Wheeler potential barrier and this allows for (semi)bound states, the trapped w-modes. This type of
ultra-compact stars can be constructed in general relativity for some specific cases [26], while the possibility of constructing such
compact objects in scalar-tensor theory will be examined in this article. Here we systematically examine effects of scalarization
in the compactness of neutron stars.
The compactness of neutron stars in scalar-tensor gravity has already been discussed in Ref. [27], where a modified Buchdahl
inequality was derived and a theory-dependent maximum mass-to-size ratio was also expressed as a function of the Arnowitt-
Deser-Misner (ADM) mass, scalar charge, position of stellar surface, and the coupling constant in gravitational theory. Then,
by adopting the polytropic EOS, the maximum mass-to-size ratio was determined numerically. However, it will be interesting a
study on themaximum allowed compactness for the more realistic case i.e., by using data from terrestrial nuclear experiments and
constraints imposed by observations in th electromagnetic and gravitational wave observations. In addition, since the Buchdahl
limit in general relativity, which corresponds to 2M/R = 8/9, can only realize in the case of a uniform density star, it is better
to examine such a case in scalar-tensor gravity, even though it may be more academic. Thus, in order to carefully examine the
maximum compactness of a scalarized neutron star, we adopt a relatively simple EOS characterized by the nuclear saturation
parameter in the lower density region and the sound velocity in higher density region. In order to explore the existence of
ultra-compact stars, we also numerically study the Tolman VII solution in scalar-tensor gravity. The Tolman VII solution is an
analytical solution in general relativity [28], with a free scaling parameter which can mimic very well the overall properties of
realistic EOS and in the limit one can get even the uniform density solution. Its stability was re-examined recently in [29]. This
attractive feature of Tolman VII solution led us in using it for examining the neutron star compactness in scalar-tensor gravity.
In this paper, we adopt geometric units, c = G∗ = 1, where c and G∗ denote the speed of light and the gravitational constant,
respectively, and the metric signature is (−,+,+,+).
II. COMPACTNESS FOR THE MAXIMUM MASS NEUTRON STAR
The compactness (M/R) gets its maximum value for maximum mass allowed by a specific EOS. Thus the search for the
maximum compactness is equivalent to the search for the maximummass for a specific EOS. Meanwhile, the dynamical stability
criterion for the neutron stars in scalar-tensor gravity is not yet properly studied. Here we assume, by following the general
relativistic methodology, that the scalarized neutron star becomes dynamically unstable if ∂MADM/∂R > 0 in theMADM −R
plane and in addition the central density is larger than that of the scalarized neutron star model with maximum mass. Here
MADM denotes the ADM mass, which coincides with the gravitational mass in general relativity. The maximum mass limit for
neutron stars has been already discussed in general relativity (e.g., [30–34]) and recently in scalar-tensor gravity [35]. In the later
study, two assumptions were set for the approximate EOS used, i.e., first that the sound velocity should not exceed the speed
of light and second that the EOS describing the core region should be smoothly connected to the EOS describing the exterior
low density region which is constrained by the nuclear theory and experiments. More specifically, in order to group the many
uncertainties associated with the EOS in the high density region, we adopted a simple analytic description of the EOS [34, 35],
characterized by the maximum sound velocity in a high density region, vs. This EOS can be written in the form
p = pt + v
2
s (ε− εt) , (1)
where the pressure, p, is expressed as a function of the energy density, ε, in the high density region (ε ≥ εt) and it is connected to
the EOS in the low density region at ε = εt, with the transition pressure given by p = pt. Actually, the value of pt is determined
by the EOS used in the low density region with ε = εt.
Unlike in the high density region, the EOS in the low density region could be constrained via the terrestrial nuclear exper-
iments. In practice, the bulk energy per baryon of uniform nuclear matter at zero temperature for any EOSs can be expanded
in the vicinity of the saturation point as a function of the baryon number density and the neutron excess [36]. The coefficients
in such an expansion are known as nuclear saturation parameters, and are constrained via the terrestrial nuclear experiments
(e.g., [37]). Even so, the constraint on the incompressibility of symmetric nuclear matter,K0, and the density dependent nuclear
symmetry energy, L, are relatively weaker constraint than the other saturation parameters. The current constraints on K0 and
L are estimated to be K0 = 230 ± 40 MeV [38] and 30 <∼ L
<
∼ 80 MeV [39] by numerous terrestrial nuclear experiments.
Moreover, the nuclear saturation parameters play an important role in the description of the low mass neutron stars. In fact, the
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FIG. 1: The stellar compactness for the maximum mass neutron star in general relativity and in scalar-tensor gravity (β = −5) is shown as a
function of the nuclear saturation parameter η. The different marks correspond to the different equation of state characterized by the nuclear
saturation parameters (y,K0). The shaded region denotes the plausible range of value of η, which is constrained via the terrestrial nuclear
experiments.
neutron star models with central density less than twice the saturation density, can be well described by the combination of K0
and L via η ≡ (K0L
2)1/3 [40, 41]. The current constraints onK0 and L lead to the plausible range of η that is 55.5 <∼ η
<
∼ 120
MeV. Thus, the EOS in high density region described by Eq. (1) is matched to the lower density region EOS characterized by
η at the transition density εt, which is set to be twice the saturation density. Here, for the low density region, we adopt the
phenomenological EOS derived by Oyamatsu and Iida [42, 43]. This EOS is constructed for optimizing the nuclear saturation
parameters except forK0 and L in such a way as to obey the experimental data, given values ofK0 and L. This choice leads to
an EOS (for the low and high density regime) which is characterized by only two parameters, i.e., vs and η.
In this paper, since we especially focus on the maximum possible mass of neutron stars, we put vs = 1 in Eq. (1). As in Refs.
[34, 35], we construct the maximum mass neutron star models in general relativity and the scalarized models with maximum
mass for β = −5. The mass of scalarized neutron stars for the values of β allowed by observations can not reach the maximum
mass of the corresponding models in general relativity for the case of v2s >∼ 0.6 [35]. The maximum compactness in general
relativity and in scalar-tensor gravity with various values of η is plotted in Fig. 1. In this figure, the different marks correspond
to different EOS models characterized by the saturation parameters y ≡ −K0S0/(3n0L) andK0, where n0 and S0 respectively
denote the saturation density of symmetric nuclear matter and the nuclear symmetry energy at the saturation point. For reference,
the plausible values of η are also shown by the shaded region. From this figure, it becomes obvious that as for the case of the
maximum mass in general relativity and in scalar-tensor gravity, the maximum compactness is well fitted as a linear function of
η, having the form
MADM
R
= a1 − a2 ×
( η
1 MeV
)
. (2)
Here the coefficients a1 and a2 depend on the coupling parameter β, i.e., a1 = 0.3488 and a2 = 8.9952 × 10
−5 in general
relativity (β = 0), while a1 = 0.2989 and a2 = 9.9510× 10
−5 in scalar-tensor gravity with β = −5. The fitting lines are also
plotted in Fig. 1, where the dotted line corresponds to general relativistic case and the dashed line to scalar-tensor gravity with
β = −5. Thus, by adopting the plausible values of η, we find that the maximum compactness reachesMADM/R = 0.344−0.338
for η = 55.5−120MeV in general relativity, whileMADM/R = 0.293−0.287 for η = 55.5−120MeV in scalar-tensor gravity
with β = −5. In all cases, the maximum compactness of the scalarized neutron stars is smaller than that in general relativity.
III. TOLMAN VII SOLUTIONS
Now, we examine the Tolman VII solutions in scalar-tensor gravity. Tolman VII solution is known as an analytic solution
in general relativity [28], where the energy density distribution inside the star with a given radius, R = Rb, is provided by the
relation
ε = εc
[
1− (1− w)
(
r
Rb
)2]
. (3)
Here, εc denotes the central energy density and w is the ratio of the energy density at the stellar surface to εc. In particular, the
case with w = 1 corresponds to a uniform density star. The quadratic falloff in the density is a very good approximation to most
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FIG. 2: The radial profiles of energy density ε, pressure p, mass function µ, and scalar field ϕ for the Tolman VII solutions with w = 0 and 1
in general relativity and in scalar-tensor gravity with β = −5 are plotted. Here the stellar mass is fixed toMADM = 1.4M⊙ and rc denotes
the circumference radius determined by rc = r exp(βϕ
2/2).
of the EOS [44]. Typically the differences of the various EOSs are minor if one compares only the density profiles. For this
reason, this exact solution of the Einstein field equations provides a unique tool for testing the fundamental properties of neutron
stars.
The density profile shown in Eq. (3), allows for the analytic derivation, in general relativity, of the stellar mass
M =
4π
15
(2 + 3w)εcR
3. (4)
In scalar-tensor theory, if one adopts the Tolman VII density profile given by Eq. (3), there is no obvious way to get an analytic
solution and thus for constructing equilibrium configurations one needs to integrate numerically the associated TOV equations
e.g., [3, 6]. In the numerical integration of the TOV equations the radius is be defined via the vanishing of the pressure at r = Rb.
Since Rb is given in Eq. (3), one should numerically find the central pressure so that the pressure vanishes at r = Rb for given
values of εc andRb. Moreover, the TOV equations in scalar-tensor gravity are written and solved in the so-called Einstein frame,
thus one has to covert the stellar parameters into the physical (Jordan) frame, i.e., the stellar radius in the Einstein frame, r = Rb,
should be converted to the circumference radius, i.e., R = Rb exp(βϕ
2
s/2), where ϕs denotes the surface value of scalar field.
In Fig. 2, for instance, the radial profiles of the energy density ε, pressure p, mass function µ, and scalar field ϕ for a specific
stellar model with MADM = 1.4M⊙ are shown as a function of rc/R in general relativity and in scalar-tensor gravity with
β = −5 for the case of w = 0 and 1, where rc denotes the circumference radius determined by rc = r exp(βϕ
2/2). From this
figure, one can observe that the profile of µ is almost independent of the chosen theory of gravity for fixed values of w, while
the other quantities (ε, p) depend stronger on the chosen theory.
The ADM mass, the compactness and the central pressure for sequences of neutron stars models based on the Tolman VII
solution with Rb = 10 km and w = 1 are shown in Fig. 3 as a function of the central energy density. Here, we adopted four
values for β, which are not actually supported by observations. This choice was made in order to make more transparent the
dependence of the equilibrium quantities on the scalar field.
From these numerical calculations, we find that they reach the maximum allowed values of central density for β = −6, −7
and −8, while for smaller values i.e., for β = −5 when the central energy density exceeds a critical value the stellar models
in scalar-tensor gravity “jump” into those of general relativity. Hence, in this case the stellar models in scalar-tensor gravity,
coincide with the general relativistic models. We remark that for stellar models constructed for polytropes and realistic EOSs in
scalar-tensor gravity the solutions smoothly merge with the general relativistic ones [3]. The jumps observed in Figs. 3 and 4
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FIG. 3: The ADM mass (left panel), the compactness (middle panel), and the central pressure (right panel) for different values of the coupling
constant β are plotted as function of εc (central energy density) for the case of Rb = 10 km and w = 1. The solid lines are the results derived
in general relativity, while the others are derived in scalar-tensor gravity.
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seem to be a peculiarity of the EOS based on the Tolman VII solution because one needs to fix the radius in the Einstein frame
Rb in advance.
In this figure we also show that the mass and compactness of the scalarized Tolman VII solutions are always smaller than
those expected in general relativity. Moreover, the stellar mass of scalarized Tolman VII models with fixed central energy
density decreases as −β increases. In addition, we can see the existence of the critical (maximum) value of central energy
density for which scalarization is possible. This critical value increases as −β increases. An equivalent critical value for the
central energy density (ε¯c) exists also in general relativity when the central pressure diverges. Technically, it seems to be possible
to construct the scalarized Tolman VII solutions with the central energy density larger than ε¯c, for large values of −β. We also
observe that the central energy density, for which the scalarization sets in, decreases as −β increases. For the same set of the
Tolman VII parameters (Rb = 10 km and w = 1) used in Fig. 3, we plot in Fig. 4 the stellar radius and the central value of
scalar field as functions of the central energy density. For increasing −β the scalar field’s contribution also increases while the
radius of scalarized Tolman VII solution decreases even for fixed values of Rb.
The neutron star compactness affects both the electromagnetic (e.g., x-ray emission) and gravitational wave spectra and it
is among the first parameters to be constrained by observations. Thus one may try to seek the effect of scalarization on the
compactness. Here, we studied the effect of scalarization for a combination of values for w and Rb and the results are presented
in Fig. 5. The compactness of the models based on the Tolman VII solution are plotted as function of the central energy density
for w = 0 and w = 1. In the two panels we present the results for models with Rb = 10 and 15 km. From this figure, one
can see that the compactness of the scalarized models is always smaller than the corresponding ones in general relativity for
the same value of central energy density. In addition, the compactness of the scalarized Tolman VII can not be higher than
MADM/R = 1/3, which corresponds to the radius of the photosphere of the Schwarzschild spacetime, as it can be observed
from Fig. 5.
The results, up to now suggest that one cannot construct ultra-compact scalarized Tolman VII solutions, but this is still
uncertain because the radius of the photosphere in scalar-tensor gravity may not be the same as that in the Schwarzschild
spacetime. To confirm whether ultra-compact scalarized stellar models can be constructed or not, we check the behavior of the
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effective potential of the axial w-mode gravitational oscillations. In fact, the potential has a minimum inside the star if a stellar
model is ultra-compact star. The effective potential for ℓ-order oscillations is expressed as
V = e2Φ
[
ℓ(ℓ+ 1)
r2
−
6µ
r3
+ 4πG∗ (ε− p)A
4
]
, (5)
where e2Φ corresponds to the (t, t)-component of metric in the Einstein frame [3], and G∗ is the bare gravitational coupling
constant. Finally, the mass function µ is defined by the (r, r)-component, g∗rr = (1 − 2µ/r)
−1, of the metric in the Einstein
frame and is directly connected to the ADM mass via Eq. (31) in Ref. [3]. In Fig. 6, we plot the effective potential with
ℓ = 2, for the scalarized stellar models with maximum compactness for w = 1, where the left and right panels correspond to
the results for Rb = 10 km and 15 km. In the same figure, for reference we show the effective potential in general relativity
for the stellar model constructed with the same central energy density as the model with β = −5. From this figure, one can see
that the effective potential in scalar-tensor gravity monotonically decreases even for the scalarized stellar model with maximum
compactness, while the equivalent general relativistic model has a minimum inside the star although for the specific model it is
very faint since the compactness is not so high. This means one cannot construct ultra-compact scalarized Tolman VII solutions,
which can be the basis for trappedw-modes [24, 25], the ergoregion instabilities in the presence of rotation [45, 46] and not even
to serve as exotic echo producing objects [47–49].
Moreover, as mentioned above, we observe that the critical central energy density, for which the scalarization sets in, becomes
smaller, for increasing−β while it increases for decreasing w (for fixed −β). These features can be viewed in Fig. 7, where the
critical central energy density is plotted as function of the parameter w.
Finally, we numerically derive the mass formula modified in scalar-tensor gravity, such as
MADM = ζ ×
4π
15
(2 + 3w)εcR
3 , (6)
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where ζ is a coefficient depending on the presence of the scalar field while for ζ = 1 we recover general relativity i.e., Eq. (4).
The values of ζ for several cases are shown in Fig. 8. From this figure, one can observe that the mass of scalarized Tolman VII
solution may be up to ∼ 35% smaller (for β = −7) as compared to its value in general relativity.
IV. CONCLUSION
In this paper, we systematically examine the compactness of neutron stars, based on the EOS defined by Eq. (1), and models
based on the TolmanVII solutions in scalar-tensor gravity. First, we discussed the possible maximum compactness, by examining
the compactness of neutron stars with maximummass in general relativity and for scalarized models in scalar-tensor gravity with
β = −5. The critical values were found by assuming that neutron stars become dynamically unstable if ∂MADM/∂R > 0 in
the MADM − R plane and the central density is larger than that for maximuma mass neutron stars of the sequence of models.
This criterion was used both for scalarized and normal neutron stars. By adopting a simple EOS characterized by the nuclear
saturation parameter η in the lower density region and the sound velocity vs in higher density (in this paper we adopt vs = 1
), we found that the maximum compactness in general relativity and in scalar-tensor gravity (assuming β = −5) is a linear
function of η. In this prescription of the neutron stars we derived that the maximum compactness for the general relativistic
models is MADM/R ∼ 0.34 while for the scalarized models MADM/R ∼ 0.29 (assuming β = −5) for a range of plausible
values of η. Next, we explored the possibility of constructing ultra-compact stars in scalar-tensor theory. For this search we
adopted the analytic solution Tolman VII, which can cover a wide range of plausible EOSs with proper parametrization. We
numerically constructed the Tolman VII solutions in general relativity and in scalar-tensor theory by integrating the modified
TOV equations. We found that the compactness and mass of scalarized Tolman VII solutions are always smaller than that of
the equivalent models in general relativity for the same set of parameters in the Tolman solution. Unlike the case in general
relativity, scalarized ultra-compact stars can not be constructed in scalar-tensor gravity even for the uniform density case.
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